ABSTRACT. The bordism of orientation preserving differentiable involutions is studied by use of the signature-like invariant ab: Ö"(Z2) -* rV0(Z2; Z). The equivariant Witt ring W0(Z2; Z) is calculated and is shown to be isomorphic under ab to the effective part of 04(Z2). Modulo 2 relations are established between the representation of the involution on H2k(M4k; Z)/torsion and Xo^ and X2(F)< where XfW is the Euler characteristic of those components of the fixed point set with dimensions congruent to / modulo 4. For manifolds of dimension 4* +2, it is shown that X0(F) = x2(F) = 0 (mod 2). Finally the ideal EQ(Z2; Z) consisting of those elements of WQ(Z2; Z) admitting a representative of type n is determined.
In this paper we give some results arrived at in studying the relation between W0(Z2; Z) and the bordism ring of orientation preserving differentiable involutions 0*(Z2).
The paper takes the following form. The equivariant Witt ring W0(Z2; Z) is defined and its relevant facts are discussed in §1. In §2 we define the AtiyahBott homomorphism ab: 04k(Z2) -► W0(Z2; Z). This homomorphism plays a role in the study of 0*(Z2) analogous to the role the signature plays in studying closed oriented manifolds. Consistent with this analogy, we show that ab completely determines 04(Z2). To do so, we observe that 04(Z2) ax Í24 © 04(Z2)e in a natural way where 04(Z2)e consists of those actions of Z2 which are effective. Since Í24 is determined by characteristic numbers, the problem is reduced to determining 04(Z2)e. We then prove that ab: Ö4(Z2)e -* W0(Z2;Z) is an isomorphism. Finally, in this section we note that if (7, M4*) has X2^) -0 (mod 2) then there is some (7,, A'4*) with no unoriented components in its fixed point set and ab(T, M4k) = ab(7,, W4*). In particular, if (T, M4) has Xî(F) = 0 (mod 2) then it is bordant to a manifold with involution having no unoriented components in its fixed point set.
§3 establishes a relation between the global invariant H2k(M4k\ Z)/tor 322 D. E. GIBBS and Xgí^O, X2(P)> an£i trs> where xfF) is the Euler characteristic of those components of F with dimensions congruent to i modulo 4 and trs will be defined in §1. Since we demand that the action of Z2 preserve the orientation of M4k, it follows that F has components in even dimensions only. To give the relation, we observe that the representation of Z2 on a free finitely generated Z-module V decomposes into indecomposable summands as K~z©...ez®z(z2)©...©z(z2) ez ®.. .®z where the Z summands are fixed under Z2, the action of Z2 takes 1 to -1 in the Z summands, and Z(Z2) has rank 2 with the action interchanging the generators. Now we decompose H2k(M*k; Z)/tor with the Z2 action given by 7* and prove that if r is the number of Z summands, s the number of copies of Z(Z2), and t the number of Z summands, then Xo^O s r (mod 2), x2(F) -r (mod 2), and trs is given by reading s modulo 2.
In §4, we prove that for a closed oriented (4« + 2)-manifold with differentiable involution the numbers Xq(F) and X2(F) are even. It was previously known that XotfO + X2(F) = 0 (mod 2) but the fact that x0(i) -X2(F) = 0 (mod 2) was unexpected.
In §5, we determine the ideal EQ(Z2;Z) which consists of those elements of W0(Z2 ; Z) admitting a representative of type II. Our reason for doing so is the frequency (cf. [10] ) with which highly connected manifolds give rise to inner product spaces (on their middle dimensional cohomology) of type II. Theorem 14 specifies generators for E0(Z2 ; Z) and we show as a corollary that M/0(Z2;Z)/£-0(Z2;Z)-Z8©Z2 where the summands are given by the signature of the form modulo 8 and q(T, V). The multiplicative structure is given by (sgn V (mod 8), q(T, V)) ■ (sgn V% (mod 8), q(Tv VJ) = (sgn V sgn Vl (mod 8), sgn V sgn V1 + s&Vq(Ti, FjJ + sgn Viq(T, V)).
At this point, I would like to thank Pierre Conner for bringing this technique of studying transformation groups to my attention and for numerous helpful conversations.
1. In this section, we develop the requisite algebra. The results in this section are due to Pierre Conner.
As a first step, we recall from [11] that W(Z2) 2 Z2 and note that the exact sequence [11, p. 88] can be modified in an obvious way to give a split exact sequence 0 -*• Z -*-* W(Z(lA)) -^-> W(Z2) -* 0, where 3 is defined in [11] . Thus W(Z(lA)) as Z © Z2.
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We now define WQ(Z2;Z) by considering all pairs (Z2, V) where (1) F is a finitely generated free Z-module with a symmetric, bilinear and Z-valued inner product in the sense of [11] , and (2) Z2 acts as a group of Z-module isometries. We say (Z2, V) ~ 0 if there is a Z2-invariant submodule W C V such that W is equal to its orthogonal complement W\ Furthermore, we say that (Z2, V) ~ (Z2, V') if (Z2, V) © (Z2, -V') ~ 0. The Witt class of (Z2, V) will be denoted by <Z2, V) and the collection of all such classes by W0(Z2; Z). Of course, W0(Z2; Z) is given the structure of a ring in the usual way.
In the above definition, it should be noted that the action of Z2 is not required to be effective. It may be further observed with a bit of effort that the definition given here is the correct extension of the definition found in [11] to the case where there is a group action on the module. The stability property is obviated for Z-modules because, if an inner product space over Z with involution stably splits, then the module itself splits.
Before we state the first result, we need to define a homomorphism i: W0(Z2; Z) -+ W(ZQA)) © W(ZQA)).
To do so, we take an element (7, V) and form 7+ = the elements of V fixed under 7 and I_ = kernel S, where 2 = Id + T. The homomorphism i is now given by
and is rather easily seen to be well defined and a monomorphism. ) is also clear once we show that ({cù, (a)) E Image(z'), where <a> = (2x2 -y) is the generator of the torsion summand of W(Z(1AJ). Now let e, and e2 be the generators of a free Z-module with e, • el=e2 ■ e2=0, el • e2 = 1, 7(e,) = e2 and 7(<?2) = e,. Set 7 equal to the rank one submodule generated by e1 + e2 and 71equal to the rank one submodule generated by e, -e2. Clearly, (e, + e2) • (e, + e2) = 2 and (el -e2) • (ex -e2) = -2. So <7> = <1> + (a> and {I1-) = -<1> + (a> in the image of /. Thus «a>, (a» = (0, <1» + (-<1>, 0) + (<1> + <a>, -(1) + <a>) is in the image of I. It is now easy to find a splitting map for 9 + 3. Proof. Observe that sgn V = sgn 7+ + sgn 7_ and hence (a) and (b) determine the image of / modulo the torsion in W(ZQA)) © W(ZQA)). Now the remarks above about trs complete the proof.
It will be useful to us in §3 to recount the well-known (cf. [7] ) homo- 2. Here we give a proof that ab: ö4(Z2)e -* W0(Z2; Z) is an isomorphism and cite a complete set of invariants for 04(Z2)e. This enables us to completely determine 04(Z2) as was indicated in the introduction.
From [12] we deduce an exact sequence
where £2*(Z2) is the bordism ring of fixed point free orientation preserving smooth involutions. In [ The Atiyah-Bott homomorphism ab: ö4fc(Z2) -» W0(Z2;Z) is given by (T, M4k) r-<7"*, H2k(M4k; Z)/torsion>. Our interest here is in ab \04k(Z2)e which we also denote by ab. We now observe that 04(Z2)e is completely determined by standard invariants. First we note that (in the terminology of Proposition 3) sgn(7+) -sgn(7_) is equal up to sign to sgn(F ° F), where F is the fixed point set of the manifold in question (cf. [4] ). Alexander has shown [1] that trsiT*, H2(M*\ Z)/torsion> = x0(F) + tysgníAÍ4) + sgn(F ° F)) (mod 2), where Xo(F) is the sum of the Euler characteristics of components of F with dimensions divisible by four. Summing up, we get the next proposition from Proposition 3.
Theorem 5. 77ie class of (T, M4) in 04(Z2)e is completely determined by (i) sgn(M4), (ii) sgn(F°F), (iii) XotfD (mod 2).
It follows from the above that any representative of the torsion class in 04(Z2) must have an odd number of isolated fixed points.
Finally, we apply Theorem 4 to show that a 4 manifold with involution is bordant to a manifold with involution which has no unoriented components in its fixed point set if and only if the Euler characteristic of the two dimensional components of its fixed point set is even. The following example shows that this result is false in other dimensions divisible by four. Namely, take CP(4) U CP(2) x CP(2) with the involution conjugation U (conjugation x conjugation). The fixed point set is RP(4) U RP(2) x RP(2) which vacuously has X2 = 0 (mod 2), but w\ # 0. Nothing bordant to this can have an oriented fixed point set. Cross with CP(2k) with conjugation to get the other dimensions. Proof. First note that X2^0 (mod 2) is a bordism invariant. Then combine the corollary of [1] with our Theorems 4 and 6.
3. We now show how to use the integer representation of an involution (7*, H2k(M4k; Z)/torsion) on H2k(M4k; Z)/torsion to determine the invariants frs. Xo^O (mod 2) and x2(^) (mod 2).
According to Reiner (cf. [6] ) any involution 7 on a free Z-module V splits V into indecomposable summands of the form Z® .. .®Z@ Z(Z2) © ... © Z(Z2) © Z © ... © Z, where 7 is fixed on Z summands, 7(1) = -1 on the Z summands and each Z(Z2) summand has rank two with 7 interchanging the generators. We will be interested in the numbers modulo 2 of copies of Z, Z and Z(Z2) which appear in the representation.
Recall [5] Hx,-) Wy+y)
x Ty+y
By comparing the image of the embedding of the lattice L (via ß) in its dual lattice Homz(7, Z) with that of 7+, we note that the rank of L*/L as a Z2-vector space is equal to the number of copies of Z in the representation of V. Now the next theorem follows from the fact that the class of any inner product space in W(Z2) is determined by its rank modulo 2.
Theorem 8. Ifr is the number of copies ofZ occurring in the integer representation of (T, V), then q(T, V) = r (mod 2).
Remark. It is seen by a straightforward argument that q(T, V) = <#j(Z2; V)) G W(Z2). It can also be proved that dimZ2(//2(Z2; V)) = t (mod 2). Given (7*. H2k(M4k; Z)/torsion), Alexander [1] showed that q(T*. H2k\ Z)/torsion) = xQ(F) (mod 2) leading to the next corollary.
Corollary 9. Xq(P) = * (mod 2).
Theorem 10. The number of copies ofZ(Z2) occurring in the integer representation of (T, V) is congruent to trs modulo 2.
Proof. Recall that trs was given by restricting the inner product on V to 7+, extending it to I+ ® ZQA) G W(Z(1A)) and then applying 3. By referring to diagram (1), it is easy to see that under the new embedding of L into Homz(¿, Z), L#/L has rank as a Z2-vector space equal to the number of copies of Z(Z2) in the representation of (7*, V). The argument is then the same as that of Theorem 8.
Let t be equal to the number of copies of Z occurring in the representation of (T*, H2k(M4k; Z)/torsion). In the proof of our next theorem, it will be necessary for us to use the fact that x(F) = x0(^) + X2(^0, where x2(F) is, analogously to Xo(P)> defined to be the sum of the Euler characteristics of those components of F with dimensions congruent to 2 modulo 4. This is because orientation preserving involutions on even dimensional manifolds do not have odd dimensional components in their fixed point sets.
Theorem 11. x2(P) -t (mod 2).
Proof. By Poincare duality, X(M4k) = rank H2k(M4k; Q) (mod 2). Now, since the rank of each copy of Z(Z2) in the representation of (7*. H2k ; (A/4fc;Z)/torsion) is two, it follows that X(M4k) = r + t (mod 2).
The theorem follows from the fact that XÍM4*) = XQ(F) + X2(F) = r + x2(F) (mod 2), where the first congruence is a known result from Smith theory (cf. [3] ).
4. In this section we establish the fact that in the case of a (4« + 2)-dimensional closed oriented differentiable manifold with orientation preserving differentiable involution, Xo(^) ^d Xî(^0 are DOtn even-^ *s easy t0 construct examples showing that this result cannot be improved upon.
The next lemma is crucial to proving the above. We recall that for N2r+1 a closed orientable manifold, the semicharacteristic of N2r+l with respect to a coefficient field F is defined to be a(N2r+■ ; F) = ¿ dim H((N2r+ ' ; F) /=o reduced modulo 2. and this shows that the image of ß2n + j has even dimension. The proof is now complete.
We write our closed oriented differentiable (4« + 2)-manifold M4n+2 with orientation preserving differentiable involution 7 as M n + 2 = W4n+2 U N where N is the normal bundle to the fixed point set and W4n + 2 and N share a common boundary. Now the additivity of the Euler characteristic implies x(M4" + 2) = X(W4" + 2) + x(f^ It follows from Smith theory (cf [3] ) that X(M4" + 2) + X(F) = 2x(M4n+2/7). Since MAn+2/T is a rational homology manifold, the usual argument yielding 2lx(M4" + 2) applies to show that 2|x(M4" + 2/7). The fact that 2|x(A/4n+2) implies that x(M4"+2) = -x(M4n + 2) (mod 4) and consequently x(A/4n+2) = xtfO (mod 4) from which it follows that 4|x(W4"+2). Again from Smith theory x(W4" + 2) = 2x(W*n+2/T) which shows that 2\x(W4n+2IT). We are now prepared to prove our theorem. where the summands are given by (sgn V (mod 8), q(T, V)).
Proof. From Theorem 14, we note that (0, 0, 1) is a representative of the generator of the Z2-summand. But in this representative sgn I+ + sgn 7_ = 0 and sgn 7+ -sgn 7_ = 0 yielding sgn 7+ = sgn 7_ = 0. The fact that sgn 7+ = 0 means that when we select an orthogonal basis for 7+ ® ZQÁ) (cf. [11, p. 6] ), say (u,> © . . . ©<«">, n must be an even number. We can further select the u¡ so that (u¡, u¡) is equal to either 2 or 1 in ZQA). Now, by noting that trs is the image in W(Z2) of this form under the boundary homomorphism and q(T, V) is the image under the boundary homomorphism of lA times this form, one can check that trs is given by the number modulo 2 of elements u¡ in the above designed basis with (u¡, u¡) = 2, and similarly q(T, V) is given by the number modulo 2 of basis elements u} with (a* uj) = 1. Since n is even, it follows that trs is equal to q(0, 0, 1) and the theorem then follows from Theorem 14.
We now determine the multiplicative structure of W0(Z2; Z)/E0(Z2; Z). The task is, of course, to determine q((T, V)(TV F",)). To do so we apply Theorem 8 to the Reiner decomposition of (7 ® Tv V ®VX). The result is that q(T®TvV® Vt) = q(T, V)q(Tv VJ + [sgn V -q(T, V)] [sgn K, -q(T, VJ] (mod 2).
The terms in the last product occur because the number of copies of Z plus the number of copies of Z in the Reiner decomposition of (7, V) aie congruent to sgn V modulo 2. The next theorem follows from the above discussion. 
